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Abstract. A submanifold in space forms is isoparametric if the normal 
bundle is flat and principal curvatures along any parallel normal fields 
are constant. We study the mean curvature flow with initial data an 
isoparametric submanifold in Euclidean space and sphere. We show that 
the mean curvature flow preserves the isoparametric condition, develops 
singularities in finite time, and converges in finite time to a smooth 
submanifold of lower dimension. We also give a precise description of 
the collapsing. 



1. Introduction 

The mean curvature flow (abbreviated as MCF) of a submanifold M C 

N 



over an interval I is a map / : I X M — ► R such that for all t E I and 
x G M, §ff(t, x) is equal to the mean curvature vector of M(t) = f(t, M) at 
the point x{t) = f(t, x). Mean curvature flows of convex hypersurfaces have 
been extensively studied in the literature (cf. [GHj . [Hu]). An exposition 
of the work in this area was given in the book [Zj. Comparatively, the 
behavior of mean curvature flows of submanifolds with higher codimension 
is less understood (cf . [W] ) . This is partly due to the lack of understanding 
of collapsing and the formation of singularities of the flow equations in the 
higher co dimensional case. 

A submanifold M of a Riemannian manifold is isoparametric if its normal 
bundle is flat and principal curvatures along any parallel normal vector field 
are constant. The codimension of M is called the rank of M. An isopara- 
metric submanifold M in R N is full if it is not contained in any proper 
hyperplane, and is irreducible if it is not a product of two isoparametric 
submanifolds. We refer to [T] for the basic properties and structure theories 
for isoparametric submanifolds. Principal orbits of isotropy representations 
of symmetric spaces are isoparametric, they are the only compact homo- 
geneous isoparametric submanifolds in Euclidean space (cf. [PTj ) . and are 
called generalized flag manifolds. There are also infinite families of non- 
homogeneous isoparametric submanifolds which arise from representations 
of Clifford algebras (cf. |FKM| ). All these non- homogeneous examples have 
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rank 2. A theorem of Thorbergsson |Th| asserts that compact full irre- 
ducible isoparametric submanifolds with rank bigger than 2 are always ho- 
mogeneous. 

A complete isoparametric submanifold of 1^ can be decomposed as the 
product of a compact, irreducible, isoparametric submanifold and a subspace 
of M N . Since mean curvature flows with affine subspaces of M. N as initial 
data is trivial and the mean curvature flow starting from a product sub- 
manifold stays as product, we will only consider compact, full, irreducible 
isoparametric submanifolds. 

Let M be an isoparametric submanifold of WL N , and £ a parallel normal 
vector field on M. Then = {x + £(ic) | x 6 M} is again a smooth 
submanifold (may have higher codimension) , and the map M — * is either 
a diffeomorphism or a fibration with a generalized flag manifold as fiber. 
The family of these parallel sets forms a singular foliation of the ambient 
Euclidean space M. N . Top dimensional leaves are all isoparametric in M. N , 
and they are called parallel isoparametric submanifolds. Lower dimensional 
leaves are no longer isoparametric, and they are called focal submanifolds. 

We show that if / : M x [0, T) R N is a solution of the MCF in R N 
with f(-,0) isoparametric then f(-,t) is isoparametric for all t £ [0, T), 
i.e., the MCF preserves isoparametric condition. This reduces the MCF 
to a system of ordinary differential equations. There is a Weyl group W 
associated to each isoparametric submanifold M that acts on the normal 
plane p + v p M. The ODE given by the mean curvature flow with initial 
data an isoparametric submanifold is given by a vector field H smoothly 
defined on the interior of the Weyl chamber C of W but blows up at the 
boundary of C. However, we can use generators of ^-invariant polynomials 
to change coordinate so that the vector field H becomes a polynomial vector 
field and its flows can be solved explicitly. 

Every compact isoparametric submanifold is contained in a sphere. This 
sphere is also foliated by parallel isoparametric submanifolds and focal sub- 
manifolds. Each isoparametric foliation contains a unique isoparametric 
submanifold which is a minimal submanifold of this sphere. The mean cur- 
vature flow in W N with initial data a minimal submanifold in S N ~ 1 behaves 
like the mean curvature flow of a sphere, i.e. it just shrinks homothetically 
along the radial direction and collapses to a point in finite time (cf. Lemma 
13. 8p . If M is an isoparametric submanifold in M. N which is not minimal in 
the sphere, then its mean curvature flow will converge to a focal subman- 
ifold F of positive dimension (cf. Corollary 13. 9p . In fact, M is a fibration 
over F with each fiber a homogeneous isoparametric submanifold of a lower 
dimensional Euclidean space. Each fiber of this fibration collapses to a point 
under the mean curvature flow in a finite time. 

We summarize some of the main results of this paper in the following 
Theorem (cf. Theorem 13. 5\ Theorem 13. 6\ and Proposition 13. 10] ): 
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Theorem 1.1. The mean curvature flow in R with initial data a compact 
isoparametric submanifold 

(1) converges to a focal submanifold in finite time T, 

(2) if the fibration from the initial isoparametric submanifold to the lim- 
iting focal submanifold is a sphere fibration (this is the generic case), 
then the mean curvature flow M(t) has type I singularity, i.e., there 
is a constant cq such that ||II(t)||^ (T — t) < Co for all t G [0,T) ; 
where | 1 1 oo is the sup norm of the second fundamental form of 
M{t), 

(3) every focal submanifold is the limit of the mean curvature flow with 
some parallel isoparametric submanifold as initial data, 

(4) if M\ and Mi are distinct parallel full isoparametric submanifolds 
in M. N that lie in the same sphere. Then the mean curvature flows 
in M. N with initial data Mi and M2 collapse to two distinct focal 
submanifolds. 

The mean curvature flow in S^ -1 with initial data an isoparametric sub- 
manifold behaves very similarly to the Euclidean mean curvature flow. In 
particular we have the following theorem: 

Theorem 1.2. Let M be an isoparametric submanifold of S N ~ 1 . Then the 
mean curvature flow in S^ -1 with M as initial data 

(1) is constant if M is minimal in S N ~ 1 , or 

(2) converges to a focal submanifold of positive dimension in finite time 
if M is not minimal. 

An isometric action of G on a Riemannian manifold N is polar if there 
exists a closed embedded submanifold X of N that meets all G-orbits and 
meets orthogonally. Such £ is called a section of the polar action. Principal 
orbits of a polar action in 1" and S n are isoparametric (cf. [PT] ) . We prove 
that if the G-action on N is polar then the mean curvature flow preserves G- 
orbits and the flow becomes an ordinary differential equation on the section 
S. We expect that methods developed in this paper can be applied to 
study mean curvature flows for orbits of polar actions with flat sections in 
symmetric spaces. 

This paper is organized as follows: We give a brief review of properties 
of isoparametric submanifolds that are needed in section El present proofs 
of results stated in Theorem II .11 in section El construct explicit solutions of 
the MCF in W N with initial data an isoparametric submanifold in section HI 
Since focal submanifolds are smooth manifolds, we can consider their mean 
curvature flow. Most properties of the mean curvature flows for isopara- 
metric submanifolds also hold for focal submanifolds. This will be briefly 
discussed in section [5j We describe MCF in spheres with initial data an 
isoparametric submanifold in spheres in section [U and in the last section we 
discuss MCF in a Riemannian manifold iV with initial data a principal orbit 
of a polar action on N. 
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2. Preliminaries 

Geometric and topological properties of isoparametric submanifolds can 
be found in (Tj. In this section we briefly review the properties which will 
be used in this paper. Let M C be a full compact isoparametric sub- 
manifold of rank k. 

2.1. Curvature spheres and curvature normals. 

The tangent bundle of M can be decomposed into orthogonal sums of cur- 
vature distributions {Ei \ i = 1, • • • ,g} for some integer g > 0. At each point 
of M, Ei is a common eigenspace of the shape operators of M at that point. 
There are parallel normal vector fields rij such that the shape operator 
has the property 

M\Ei = (^ n i) Id Bi 

for all normal vector £. Each vector field is called the curvature normal of 
Ei. The rank of Ei is called the multiplicity of rij, which will be denoted by 
m>i. Each Ei is an integrable distribution whose leaves are mj-dimensional 
round spheres with radius l/||nj[|. Such spheres are called curvature spheres. 

2.2. Weyl group associated to M. 

For each i £ {1, • • • , g}, let <7j(x) be the antipodal point in the i-th curvature 
sphere passing through x. Then a is an involution on M. The group W 
generated by ,a g is a crystallographic Coxeter group. It is known 

that M is irreducible if and only if W is irreducible. For each x G M, W 
also acts as a reflection group on the affine normal space x + u x M generated 
by reflections along hyperplanes 

Li:={x + t\t€v x M, l-(f,ni(x)> = 0} 

for i = 1, •■■ ,g. 

The intersection P|f=i ^« consists of a single constant point which is de- 
noted by a. Then M is contained in a sphere which is centered at a. Without 
loss of generality, we always assume that a = 0, i.e., M is contained in a 
sphere centered at the origin of R . This condition is equivalent to 

(-x, ni(x)) = 1 (2.1) 

for all x £ M and i = 1, • • • ,5 (cf. [U Corrolary 1.17]). 

2.3. Parallel submanifold. 

For any parallel normal vector field £ on M, define 

M ? := {x + £(x) I x € M}. 

If 

l-(^x),ni(x))^0 (2.2) 
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for i = 1, • • • ,g, then is again an isoparametric submanifold with the 
same dimension as M. is called the parallel isoparametric submanifold 
of M defined by £. The curvature normals of Me at the point x + are 
given by 

nj(ar) 

with same multiplicities mi for i = 1, • ■ ■ ,5. The mean curvature vector of 
at x + is given by 

= tir^5T <»> 

When condition (|2.2p fails, Mg is still a smooth submanifold of R , but 
it is no longer isoparametric. This submanifold is called a focal submanifold 
of M. The dimension of is strictly smaller than that of M. The map 

7r : M — > M% 

x 1 ^ x + £(x) 

is a fibration over with each fiber an isoparametric submanifold in the 
normal space of at n{x). In fact, fix xq £ M, let C denote the Weyl 
chamber of W on xq + v XQ M containing xo, i.e., 

C = {x + £ I (G^M, <e,ni) < 1}. 

If yo = xo + £(xo) lies in the boundary of C and yo 7^ 0, then the fiber of 
the fibration M — > Mg is a generalized flag manifold with Weyl group W yo , 
the isotropy subgroup of W at yo- 

For any parallel normal vector field £ on M, the intersection of Mg with 
x + z/^M is an orbit of W. In particular, if is a parallel isoparametric 
submanifold, then it intersects each open Weyl chamber of W exactly once. 
Moreover, M% is a focal submanifold if and only if x + £(x) is contained in 

2.4. Isoparametric map and M^-invariant polynomials. 

Given a VF-invariant polynomial / on V = xq + v XQ M, there is a unique 
extension ^(/) on R^ such that ^(/) is constant along any parallel sub- 
manifold and ^(/) | y = /• Moreover, ^(/) is also a polynomial. 

Let A and A denote the Laplacian in ~ML N and V respectively. Then by 
Lemma 3.2 of [T], 

F(x) = £*(/)(*) - *(A/)(x) = £ (2.4) 

i=l \ ' *' 

is a polynomial on R^ and is constant along parallel submanifolds of M. 
Moreover, if / is a homogeneous VF-invariant polynomial of degree m on V, 
then F is a homogeneous polynomial of degree m — 2 on R^. 
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3. Mean curvature flows for general isoparametric 

submanifolds 

Let M be an isoparametric submanifold of R , fix xq G M, and the 
Coxeter group associated to M. We prove that the MCF stays isoparametric 
and the MCF equation becomes a flow equation of a vector field H defined 
in the interior of the Weyl chamber of W containing xo in xq + v X0 M and 
the vector field H tends to infinity at the boundary of the Weyl chamber. 
We prove that solutions of the ODE x' = H{x) only exists for finite time. 
To see the finer structure of the behavior of the blow-up of MCF, we use 
VF-invariant polynomials to construct a new coordinate system for the Weyl 
chamber so that the corresponding vector field H becomes a polynomial 
vector field. We then analyse the behavior of flows of this polynomial vector 
field to obtain informations on the collapsing of the MCF. 

Fix xo S M. Since vM is globally flat, we can identify a vector v E u Xo M 
and the unique parallel normal field v along M defined by v(xq) = v. Let 
rij be curvature normals of M with multiplicity m; for i = 1, . . . , g. We may 
view rij either as a global parallel normal vector field along M or an element 
in v XQ M. The precise meaning should be clear from the context. 

Let £(t) G v XQ M be a one parameter family of normal vectors satisfying 
the flow equation 

m-t^m^y ««> = * M 

It follows from f|2.3[) that £ is a solution of (|3.ip if and only if the one 
parameter family of parallel submanifolds M(t) := M^m satisfy the mean 
curvature flow equation with M (0) = M . In other words, the MCF preserves 
the isoparametric condition: 

Proposition 3.1. If f : M x [0,T) -> 1^ satisfies the mean curvature 
flow in W N and /(-,0) is isoparametric, then f(-,t) is isoparametric for all 
t€[0,T). 

Equation (|3.1|) does not make sense if (£(t),rij) = 1 for some i. We will 
only study the flow equation under the condition 

(Z(t),ni) < 1 

for all i = 1, ... ,g. In other words, we require that xq + £(t) stays in the 
same Weyl chamber as xq for all t. Under this condition, all M(t) are still 
isoparametric. 

Note that (|3.1|) is a system of non-linear ODE given by a vector field 
defined on the Weyl chamber C containing xq and the vector field blows up 
along the boundary of C. The study of MCF with isoparametric submani- 
folds as initial data reduces to the study of solutions of this ODE system. 

Theorem 3.2. Let M C S^Vo) be an n- dimensional isoparametric sub- 
manifold in Mr, and xq G M. If satisfies the mean curvature flow 
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equation (13. ip . then x{t) = xq + £(t) satisfies 

^) = -E7?T. (3-2) 

with x(0) = xq. Let H{t) be the mean curvature vector of M(t) = ^%t) at 
the point x(t). Then 

(a) (x(t), H(t)) = -n, 

(b) \\x(t)\\ 2 = ||x(0)|| 2 -2ni. 



Proof. By equation (|2.ip . 

(x{t), m) = (s(0),n<) + (£(*), n*) = -1 + n<> 
for all i = 1, • • • , g. Since 

H (t) = -Y - / m \ ni r , (3.3) 

we have H(t)) = — Ylf=i m i = ~ n - This proves part (a). Part (b) 

follows from integrating the following formula 



j t \\x(t)\\ 2 = 2(x(t),x>(t)) = 2{x(t),H(t)) = -2n. 



□ 



Hence we have 



Corollary 3.3. The mean curvature flow in 1^ with initial data an isopara- 
metric submanifold in S N ~ 1 (ro) exists only for finite time with maximal 



r 2 

interval [0, T), where < T < Tq — — 



2n ■ 

The following Theorem is the key in proving 

(1) the limits of two flows of (|3.2p have two different limit on the bound- 
ary dC of the Weyl chamber C, 

(2) every point of dC is a limit of some flow of (|3.2p . 

Theorem 3.4. Let M be a compact isoparametric submanifold in R , W 
the Weyl group associated to M , xq G M a fixed point, and V = x + v X0 M . 
Let Pi,...,Pf. be a set of generators of the ring M.[V] W of W -invariant 
polynomials on V such that Pi are homogeneous polynomials of degree Sj 
with Pi(x) = \\x\\ 2 and s\ < 82 ■ ■ ■ < s^, and C the Weyl chamber of 
W containing xq in V. Let P : C — > M fc be the map defined by P(x) = 
(P\(x), . . . ,Pk(x)). Then P is a homeomorphism from C to a closed subset 
B = P(C). Moreover, there is a polynomial map 

r ) =(r )l ,..., Vk ):R k ^R k 

with r]\ = —2n and rjj is a polynomial in rji, . . . , rjj-i such that if x : [0, T) — > 
C is a solution of (|3.2p . then y{t) = P(x(t)) is a solution of 

y'(t) = rj(y(t)) = fai(i/(t)), . . . , %(y(t))). 
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Proof. Since each orbit of W intersect C exactly once and the algebra of 
invariant polynomials separate W orbits, the map 

P: Cr\D(l) — ► R k 

x .— ► (Pi(x),--- ,P k (x)) 

is an injective continuous map. Since P is injective and proper, B = P(C) 
is a closed subset of M. k and P is a homeomorphism from C to B. 

The Coxeter group W acts on V . If / is a W- invariant homogeneous 
polynomial of degree j on V, then by equation (|2.4|) . 

is a M^-invariant homogenous polynomial of degree j — 2. Let x(t) be a 
solution of (|3.2p . and /(f) = f(x(t)). By equation (|3.3p . 

/'(f) = <V/(x(f)),*'(f)} = (V/(x(t)),F(0) = -F(s(t)). 

Hence /'(f) is the value of a W- invariant polynomial of degree k— 2 evaluated 
at x(f). In particular, Jp-/(i) = if j > fc/2. Therefore /(f) is a polynomial 
in f . 

Let y(t) = ( yi (t),...,y k (t)) = P(x(t)), and 

A (VP t (x),n t ) 

By equation (|2,4|) . P^ is a VF-invariant homogeneous polynomial on V of 
degree s< - 2. Since M[V] W = R[P 1} . . . , P fe ], 

P = -^(Pi,...,Pi-i) 

for some polynomial rji. But we have shown above that y[{t) = — Pj(x(f)), 
so 

y'iit) = -F i (x(t))=r ]i (y 1 (t),...,y i . 1 (t)). 

This shows that y(t) is an integral curve of the polynomial vector field rj 
on M. k . Since yi (f) = ||x(0)|| 2 - 2nf, solution y can be solved explicitly by 
integrations. □ 



The MCF equation f|3.2[) is given by the vector field 

H(x) 



a 

j= 



which is smoothly defined on the Weyl chamber C of xq + v XQ M and blows 
up at the boundary <9C If we use generators of VF-invariant polynomials on 
+ v XQ M to change coordinates to P as in Theorem 13,44 then the vector 
field H becomes the polynomial vector field ry on P(C). Moreover, the flow 
of rj can be solved explicitly and globally. Then apply P^ 1 to flows of rj to 
get flows of (1331) . 
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Theorem 3.5. For any compact isoparametric submanifold M in M> N , the 
mean curvature flow always converges to a focal submanifold at a finite time. 
Moreover, if M\ and M2 are parallel full isoparametric submanifolds which 
are contained in the same sphere, then mean curvature flows with initial 
data M\ and M2 never intersect and they converge to two distinct focal 
submanifolds. 

Proof. We use the same notation as Theorem 13.41 Let x : [0, T) — > C be 
the maximal interval for a solution of the mean curvature flow equation 
(|3.2p . Note that Pi(t) = Pi(x(t)) are well defined since Pi(t) are polynomi- 
als in t. Therefore the mean curvature flow of xq € M must converge to 
P~ 1 (Pi(T), • • • ,Pk(T)) which lies on the boundary of C. The mean curva- 
ture flow of M then converges to the focal submanifold passing through this 
point. 

We may assume that X{(0) lies in the unit sphere. Let Tj denote the 
maximum time for the solution Xi(t). If T\ 7^ T2, then ||xj(t)|| 2 = 1 — 2nt, 
so lim^y- ||xi(t)|| 2 / lim t _^ r - ||x2(t)|| 2 . If T\ = T2 = T, then since Xi(t) 
are solutions of (|3.2p and (xi(t),nj) < 0, we have 

14- HM*) - z 2 (t)|| 2 = Ym t > 0. (3.4) 

2dt lUnj 2W " ^ 1 (x 1 (t),n i )(x 2 {t),n l ) ~ V ; 

This implies that ||xi(i) — ^2 (*) 1 1 2 increases in t G [0, T), hence 

lim xi(t) 7^ lim X2(t). 
t-^T- t-*T- 

□ 

Theorem 3.6. Every focal submanifold is a limit of the mean curvature 
flow of certain isoparametric submanifold. 

We need a couple Lemmas. First a simple Lemma on scaling and the 
proof is obvious: 



Lemma 3.7. If f : M x [0, T) — > 1R is a solution to the mean curvature 
flow with f(x,0) = fo(x), then given any r / 0, f(x,t) = rf(x,r~ 2 t) is a 
solution with f(x,0) = r/o(x). 

Lemma 3.8. Let f : M n — ► S' Af_1 (ro) be an immersed minimal subman- 
ifold of a sphere with radius r^. For any x S M , the solution to the mean 
curvature flow equation in ~U. N with initial data M is given by 



F{x,t) = ^l-{2nt/rl)f{x). 



In particularly, the mean curvature flow of M shrinks to a point homothet- 
ically in finite time Tq = rp/(2n). 

Proof. For minimal submanifolds of the sphere S' Af_1 (r) with radius r, the 
mean curvature vector at a point x is —nx/r 2 . Let F(x,t) = r(t)f(x) for 
x £ M with r(t) > 0. Then the mean curvature vector field of F(-,t) at 
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point x is given by — r s"^ f( x )- So F(x, t) satisfies the mean curvature flow 
equation for / if and only if 

r'(t) = -n/(rlr(t)) and r(0) = 1. 

It follows that r(t) = y 7 ! - (2nt/r$). □ 



Proof of Theorem F5T51 

In each isoparametric family, there exists a unique isoparametric subman- 
ifold M C S' Ar ~ 1 (l), which is minimal in S N ~ 1 (1). Let xq G M. The mean 
curvature flow for minimal submanifold in spheres can be solved explicitly 
as in Lemma l3?8l i.e., x(t) = y/T— 2nt xq is a solution of (13. 2ft and x(i) G C 
for all t G [0, i). 

Recall that integral curves of = — X)f=i ma P ^° integral curves 
of the polynomial vector field r/ under the homeomorphism P defined in 
Theorem 13.41 Since the integral curve starting from xo lies in C, the flow 
of 7} starting at P(xq) lies in P(C). But —r\ is a polynomial vector field 
and the one-parameter subgroup (ftt generated by —r\ is a globally defined 
polynomial map. So there exists 5 > and an open subset IA of P(C) such 
that U contains the origin and <fit(z) £ P{p) f° r ^ £ (0, <5) and z £U. This 
shows that the flow of — 77 starting at the boundary of W points inward in 
P(C). Hence any boundary point of P^ 1 ^) is a limit of some MCF with 
initial data in C. It follows from Lemma [3.71 that any focal submanifold can 
be a limit of some MCF with some initial isoparametric submanifold. □ 

As consequence of Theorem 13.51 and Lemma 13.81 we have 

Corollary 3.9. Let M be an isoparametric submanifold. The mean curva- 
ture flow of M converges to a point if and only if it is minimal in the sphere 
containing it. 

Below we describe the rate of collapsing of the MCF for isoparametric 
submanifolds. Recall that a MCF, Mt, collapses at time T < 00 is said to 
have type I singularity (cf . [W] ) if there is a constant Co such that 

||II(t)||L(T-t)<c 

for all t G [0,T), where ||II(t)|| oo is the sup norm of the second fundamental 
form for Mf. 

Proposition 3.10. Let x(t) be a solution of the MCF (|3.2p . and T is the 

maxmial time. Then 

(1) x(T) := lir%_»y- x(t) exists and belong to the boundary dC of the 
Weyl chamber C , 

(2) lim t ^ T - IMbggl! = 2m, where m = dim(M r(0 )) - dim(M a . (T) ), 

(3) if x(T) lies in a highest dimensional stratum of DC, then the MCF 
has type I singularity. 
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Proof. We have proved (1) in Theorem 13.51 Statement (2) follows from the 
L'Hopital law: 

Hm ||x(t)-x(T)|| 2 = Um 2(x(t)-x(T),x'(t)) 

t-»T- T — t t-+T- —1 

9 

= 2 lim y^(x(t) - x(T), 



rmm 



t^T' 1 ^ (x(t),ni) 
2 lim y m {x{t ] ~ f T \ n ' ) + 2V mi P£ '"'U V m 



which is the dimension of the fiber of M x r \ — > M x ( T y Here I = {1 < i < 
5 | (x(T), ni ) = 0}. 

We now prove statement (3). If x(T) lies in a highest dimensional stratum 
of dC, then there exists a unique i such that x(T) lies in the hyperplane 
defined by rij, i.e., (x(T),rij) = 0. We may assume i = 1. Note that the 
norm square of the second fundamental form of M x m satisfies 



ii"W'))ii 2 (^-*)<E(^(T-t) 

= mi||ni|| 2 (r - 1) A mj||rij|| 2 _ 
<*(«), ni>* + <*(*), m)^ ^ 

As i — ► T~, the second term tends to zero because (x(T),rij) ^ for all 
i > 2, and by the l'Hopital law the first term has the same limit as 

— mi||ni|| 2 



-2<*(f),ni)IXi 

But the denominator tends to — 2mi||ni|| 2 , so the limit is 1/2. □ 

We remark that there is an open dense subset O of the Weyl chamber C 
such that the solution x(t) of (|3.2p with x(0) 6 converges to a point in a 
highest dimensional stratum of dC. 



4. Solutions to the mean curvature flow equation 

In this section, we use Theorem 13.41 to construct explicit solutions of the 
MCF (13. 2D by selecting a set of generators P\ , . . . , Pk for the W-invariant 
polynomials and calculating flows of the polynomial vector field r]. 

We use the root system of the Coxeter group given in [GB] . Let M be a 
compact, irreducible isoparametric submanifold in R , W its Weyl group, 
and rij its curvature normals. Let 11 denote a set of simple roots of W, and 
A + the set of positive roots defined by II. Then {En, | 1 < i < g} is equal 
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to {Ra | a G A + }. So the Weyl chamber C containing x$ is precisely given 
by 

C = {x G V | -(x, a) > for all a G II}. 
The closure of C is 

C = {x G V | -(a, a) > for all a G n}, 
and the MCF (pTIj) becomes 

x '(t) = _ y ™« a (4.1) 

a£A+ 

where m a is the multiplicity of the curvature normal which is parallel to a. 
Since (|4.1j) is invariant under re-scaling of each a, we may normalize roots 
of the Coxeter group to be of unit length. 

If M = M\ x M.2 with Mj an isoparametric submanifold of IR^* for i = 1,2, 
then the Weyl group of M is the product of the Weyl groups of Mi and Mi 
and the mean curvature flow of M is the product of the mean curvature 
flows of M\ and Mi. So without loss of generality, we may assume that M 
is an irreducible isoparametric submanifold. In the rest of this section, we 
work out explicit solutions for mean curvature flow equations for compact 
isoparametric submanifolds whose Coxeter group are B k , D k and Gi. 

Example 4.1. The case 

6 

Suppose that k > 2. Let {ei, • • • e k +i} be the standard orthonormal 
basis of and (x\,--- , x^i) the corresponding coordinate. The set 

(ei — ej+i) with 1 < i < k is a simple root system of A k , and the set of 

positive roots is (e^ — e^) with I<i<j<&-|-1. Let 

V := {(xi, ■ ■ ■ , x k+ i) G R k+1 | 07i -f h x fc+ i = 0}. 

The normal space of an isoparametric submanifold of type A k can be iden- 
tified with V. The Coxeter group acts on V and is generated by all permu- 
tations of {ei,-- - ,efc + i} . The open positive Weyl chamber C containing 
xq is 

C = {(xi, ■ ■ ■ , scfc+i) G V | xi < x 2 < ■ ■ ■ < x k+ i}. 
Since the multiplicities of curvature spheres are invariant under the action 
of the Coxeter group, there is only one possible multiplicity which we denote 
by m. So (|4.ip is 

■Em^, (4.2) 

i<j 



X 



which implies that 

l__d 

m dt ' ^— ' a; 



r ; - ^ , 1 < j < k + 1. (4.3) 



If x(0) G V, then x(t) G V for all t. This follows from the simple fact that 
f t (xi + ■ ■ ■ x k+ i) =0. 
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Let a r be the r-th elementary symmetric polynomial in x\, ■ ■ ■ , x^+i ■ 



Of — y Xi 1 • • • Xi r , 

l<«l<---<V<fc+l 



and <7o = 1. Let x(t) be a solution of (14. 2|) . and 

y r (t) = (J r (x(t)). 

We claim that 



2/2 = n > 



y' r = ^ Tn(k - r + 3)(Ar — r + 2)y r _ 2 . 



(4.4) 



To see this, we compute 

r! d Id 

mdt 7 m dt 



r 1 

= E E Xil " ' Xi i " ' Xir E ~^~Z 

h 

Write 



y.—^= e + e — 



For fixed indices ii, • ■ ■ , i g , • • • , i r , 







if the summation is running over all possible values for i q and j such that 
i q / j and both of them are not equal to i\, ■ ■ ■ , i q , ■ ■ ■ ,i r . Therefore 

~T+ Vr = E x n--- x ir E — r~~z — v ( 4 - 5 ) 



Write 



El \ 1 \ 1 

T* . / . ' f- . \ / / /r" . I 'T* ■ '/' ■ I ^ ^ T* ■ IT*- 



l<P,q<r,P^q Xiq(yXip ^ P><? ^ ^ ^ p<q Xi ^ Xip X 

Switch the indices p and q in the second term and adding the first term, we 
have 



rp . | rp . rp . \ Z—^^ rp . rp . \ ry . rp . 

l<p,q<r,p^q qK p qJ P>q p q v 9 p 



y I = y 1 ±-± 

/ rp . ( rp . rp . | / rp . rp . \ rp . rp . 

p>q lp 

E- 



p>q X i P X H 
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Hence by equation ([4.5 

r! d 
m dt 



r\ d v - v - 

il^-^i r l<P,q<r,p>q 



' • • • • T* ■ ... T* ■ ... T* ■ 

'%\ ^Iq ^Ip 



= \r(r - l)(k -r + 3)(fc - r + 2)(r - 2)!y r _ 2 

This proves the claim. 

The explicit formula for y r (i) can be obtained from (|4.4j) recursively, and 
it is a polynomial in i and initial conditions xi (()),••• ,Xfc + i(0). For each 
t, we can obtain • • • ,Xk+i(t) as the + 1 solutions of the following 

polynomial equation in z: 

k+l 

(-l) h+1 ~ r y k +i-r(t)z r =0, (4.6) 

r=0 

with the property 

xi(t) < x 2 {t) <■■■ < x k+1 (t). 

Example 4.2. The B k case 

BSuppose that k > 2. Let {ei, ■ ■ ■ e k } be the standard orthonormal basis 
of M fc and (xi, • • • ,Xk) the corresponding coordinate. We identify M fc with 
a normal space of an isoparametric submanifold of type B k . The set e k and 
(ej — ej+i) with l<i</c — lisa simple root system of B k , and the set 

of positive roots are ej with 1 < i < k and (ej ± e^) with 1 < i < j < fc. 
The Coxeter group is generated by all permutations and sign changes of 
{ex, • • • , e&}. Since the multiplicities of curvature spheres are invariant un- 
der the action of the Coxeter group, there are only two possible multiplic- 
ities. Let mi be the multiplicities of curvature spheres corresponding to 
^= (ej ± ej) , and m>2 the multiplicities of curvature spheres corresponding 
to e». So the MCF flU} is 



-a;' = mi 



x~~* e i 4" e ? - ej e 3 - \ ^— * ej 

> H +m 2 > — . 

fa / rj" . I <t* . /y . rp . I J rp . 



So 



, 77t 2 / 1 1 

-x,- = h mi 1- 



O" . \ rp . rp . rp . I rp 

Jb 2 \ •As % J 'l I f l 



Set j/j = xf. Then we have 



1 d ^— v 2yj 

-_ w =_ roa _ mi x: (4.7) 

Let so = 1, Si the i-th elementary symmetric polynomial of yi, . . . , y^, and 

Cr(t) = »r (*(*))• 
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We claim that 

C'j = -2(k - j + l)(m 2 + mi(fc - j))Q-i, 1 < 3 < k. (4.8) 

Note that when j = 1 the right hand side is —2k{mi + rrti(fc — 1)), which is 
equal to — 2n. To prove this claim, we compute as follows: First 

zat i=i Vt i \ y P 

\ 1=1 Vtl 1=1 p+H Vtl 

Since 

EE^ = E E ^ + E E ^ 

i=i yp i=n<q<j,q^i yi ' Vi " i=i P fru-,is y%i Vp 

and the first term on the right hand side is 0, we have 
d 1 d [ v 

Jt Sj ~J\Jt Wi 

The first term on the right hand side of this equation is — 2rri2(k — j + l)Ci— l- 
To compute the second term, we notice that 

Vi\ ' ' ' Vij 



E 



can be written as 



E{vh '■■Vii"-vu )vit \ - (vh •••Vii-'-yij )yi, 
7^7, + A. 



Switching the indices i\ and p in the second term and adding to the first 
term, we have 

2/il ' ' ' 



E9il ilij \ . — - 

... _.. = Vii'-Vir-Vij 

■> .. — /— ...-/- , 

ij >p 



Therefore the second term on the right hand side of equation (|4.9p is 

-2mi(fc - j + 1)(A; - j>j-i- 

This proves the claim. 
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Note that explicit formula for £j(f) can be obtained from (I4.8|) recur- 
sively, and it is always a degree i polynomial in t and initial conditions 
yi (0),-- - ,2/fc(0). Let yi(t),---y k (t) be the k roots of 

k 

Y,(-^) k ~ r s k -r(t)z r = 0, (4.10) 

r=0 



with the property yi(i) > y 2 (t) > ■■■ > y k (t) > 0. Then X{(t) = -y/yi{t) 
for i = 1, ■ • ■ k. 

Example 4.3. The case 

BSuppose that k > 4. Let {ei, • • • e^} be the standard orthonormal basis 
of M. k and (x\, ■ ■ ■ ,Xk) the corresponding coordinate. We identify M. k with 
a normal space of an isoparametric submanifold of type Df~- The set of 
simple roots are ^= (e^-i + e&) and (e» — e$+i) with 1 < z < fc — 1, and 

the set of positive roots is {A^ (e, ± ej) | 1 < i < j < k}. The Coxeter 
group is generated by all permutations and even number of sign changes of 
{ex, • • • , e/c}. The open positive Weyl chamber C is 

C := {x e ~R k \ xi < x 2 < ■ ■ ■ < x k and x k -i + x k < 0}. 

All multiplicity for curvature spheres are equal and will be denoted by m. 
The mean curvature flow equation (14. ip becomes 

— x = m > -H -. (4-11) 

' T\- — T"_- -I- T - .' 



1 d v "\ 2x ? - 



to (it * — xj 



Multiply both sides by ^ to obtain 

4m (tt ^ y q ~ Vi 

where yi := x? for all i = 1, ■ • • , A;. 

Let be the i-th elementary symmetric polynomial of y%, ■ ■ ■ ,y k and we 
set so = 1- Then si, ■ • • , Sfc-i and -^fsk generate the algebra of polynomials 
invariant under the action of the Coxeter group. Note that equation (|4.12p 
is a special case of the equation (|4.7p with ra 2 = and m\ = to. Set 
Cj{t) = Sj(x(t)). The proof of (|4.8p also works here, and we obtain 

C = -2m(fc-r + l)(fc-r)Cr-i, 1 < r < k. 



Example 4.4. The rank 2 cases 

8We use a different set of generators for the ring of VK-invariant polyno- 
mials to compute explicit solutions of the MCF (|3.2p for the rank 2 cases. 
The Weyl group is the dihedral group with 2g elements. We identify the 
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normal space of a rank 2 isoparametric submanifold with M 2 = C, and use 
e s with < h < g as positive roots. Then 

P x (x) =x\ + x\, P 2 (x) = Re((si + ix 2 ) 9 ) 

form a set of generator of the ring of invariant polynomials (g = 3 for A 2 , 
g = 4 for P> 2 , and g = 6 for G 2 ). It is known (cf. [PTb]) that 

(1) if g = 3, 6, then all multiplicities are equal and are either 1 or 2; and 
if g = 4, then there are two positive integers mi < m 2 such that the 
multiplicity corresponding to Miij = Me~ is m\ for j even and is 
m 2 for j odd. 

(2) Let Fi = mi( , VP< \° <) for i = 1, 2 be as in Theorem [H Then 



F 1 {x) = 2n, F 2 {x) 



if 5 = 3 or 6, 

8(m 2 -mi)(xf + if g = 4, 



If x(i) is a solution of the MCF, then it follows from Theorem 13.41 that 
= (P 1 (x(t)),P 2 (x(t)) satisfies 



1/1 



y'2 




(4.13) 



By Lemma 13.71 it suffices to consider initial data xq = e 100 for the MCF. 
The corresponding solution for (14.130 with initial data y(0) = (l,cos<?0o) is 

y 1 (t) = l-2nt, y 2 (t) = cos(g0 o ), if g = 3,6, 

yi(t) = 1 — 2nt, y 2 (t) = cos 40o — 8(777-2 — m\){t — nt 2 ), if g = 4. 

Set x(t) = r{t)e i0{ t\ Since yx{t) = r 2 (t) and y 2 {t) = r g (t) cos g0(t) , solution 
of the MCF for rank 2 case with initial data e t0 ° is r(t) = (1 — 2nt)^ and 



0(t) 



Jcor 1 3 , 5 = 3,6, 

1 mlJ -l f cos40 O -8(m 2 -mi)(t-nf 2 ) \ _ , 

4 COb I (l-2nt) 2 J' y - 



We claim that the isoparametric submanifold through xq = e l0g is minimal 
in sphere, where 

9 = {f , 5 = 3 ' 6 ' (4-14) 

To see this, by Lemma 13.81 the the polar angle of the MCF flow starting at 
a minimal submanifold in sphere must be some constant 0q. So: 

(i) For g = 3,6, we have y 2 (t) = r(t) 9 cos 500 = cos g0o. This implies 
that cos 50o = 0, hence 0o = j^- 



18 XIAOBO LIU* AND CHUU-LIAN TERNG 1 " 

(ii) For g = 4, 1/2 (t) = cos40o implies that 

?/2 = 2yiyi cos 40 O = -4nyi cos40 o = -8(m 2 - m\)y\. 

Hence cos40 o = 2(m2 ~ mi) = This proves the claim. 

Next we compute the maximal time T for the MCF for the above exam- 
ples. The flow blows up when cos g0(t) = ±1. If g = 3 or 6, then 

2/2 (*) = K*) 9 cos ff0(*) = (1 _ 2nt) 9 ^ 2 cos ff0(t) = cos #0 O . 
Hence T = ^-(1 — | cosg0o)| 2 / 9 ). For g = 4, we have 

y 2 (t) = r(t) 4 cos40(t) = (1 - 2nt) 2 cos40(t) = cos 40 O - 8(m 2 - m\)(t - nt 2 ). 

Then cos g&(T) = 1 if 0q G (0,04), and cosg0(T) = —1 if 0o G (04, f ). This 
solves T and we get: 

Proposition 4.5. Lei g be the constant defined by (|4.14p . TTien 

(1) T/ie MCF through e 109 homothetically converges to at time T = 

(2) For g = 3,6, i/ie maximal time for the MCF with initial data e 100 is 

1 - 

T = ^ — (1 — I cos g0o\ s ). For g = 4, the maximal time is 



(3) 

'0, if 00 G (O,0 9 ), 



lim 0(t) . 
*-+T- if 00 G 



5. Mean curvature flows of focal submanifolds 

We consider the mean curvature flows of focal submanifolds of isopara- 
metric submanifolds. They behave very similarly to the mean curvature 
flows of isoparametric submanifolds. With slight modification, most results 
in section [3] also hold for mean curvature flows of focal submanifolds. 

Let Mq be an isoparametric submanifold and p G Mq a fixed point. As 
before, we assume that Mq is contained in a sphere centered at the origin. 
Let C <Z p + v v Mq be the Weyl chamber containing p, and A + the set of 
positive roots of the Weyl group W associated to Mq . Then 

(1) C is a stratified space, 

(2) the isotropy subgroup of any two points in the same stratum a are 
the same, and will be denoted by W a , 
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(3) for x G dC, let 

A + (x) = {a G A + | (x,a) > 0}, 

then A + (xi) = A + (x2) if and only if x%, X2 lie in the same stratum 
a, and will be denoted by A + (cr), 

(4) a is the Weyl chamber of W x for x £ a and a is an open simplicial 
cone in the following linear subspace 

V[a) = {x ep + v p Mo | (x,a) = 0, for all a G A+ \ A + (a)}, 

Let <T be a stratum in dC, xo G a, and M the focal submanifold of Mq 
through xq. By [U Theorem 4.1], the mean curvature vector field of M at 
xo is given by 

where m a are multiplicities of curvature spheres of Mq. Moreover 

(x ,a) = (H(x ),a) = (5.2) 

for all a G A + \ A + (<r). The mean curvature flow equation of M is the 
following ODE on a: 

dx \- m Q 

dt =_ E (x^)"- (5 - 3) 

The analogue of Theorem 13.21 also holds for this case. In particular, if 
x(t) satisfies the flow equation (15. 3p then 

||x(t)|| 2 = ||x(0)|| 2 -2nt (5.4) 

where n = X^ a eA+(o-) m « ^ s ^ ne dimension of M. Therefore we have 

Theorem 5.1. The maximal interval for the solution of the mean curvature 
flow equation for any focal submanifold is finite. 

Suppose x(t) and y(t) satisfy equation (|5.3|) on a and x(0) ^ 2/(0). Use 
the same computation for (13.4)) to get 

\j t \W)-y{t)t = {x{t)-y(t), x'{t)-y'{t)) 

- V m (x(t) ~^ ) ' a)2 > (5 51 
oeA+(o-) 

Then proofs given in section [3] works, so we have 

Theorem 5.2. Let M n C 5' n+fc_1 6e a compact isoparametric submanifold 
inM n+k , W its Weyl group, C the Weyl chamber in xq + v(M) Xo containing 
xq G M , and M y the submanifold parallel to M through y. If a C C is a 
stratum, then 

(1) there is a unique y a G a such that the focal submanifold M ya is 
minimal in S n+k ~ l , and the MCF in M n+fc with initial data M ya 
homothetically shrinks to a point, 
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(2) ify eaf] S"^- 1 - {y a } ; then the MCF in R n+k with M yo as initial 
data blows up in finite time T < x(t) 6 a for all t 6 [0,T) ; and 
lim t ^ T - x(t) E da, in particular, the limit is a focal submanifold 
with lower dimension, 

(3) ifyi,y2 S a f] are distinct, then the MCF in R n+k with initial 
data M yi and M y2 converge to distinct focal submanifolds of lower 
dimensions. 



6. Mean curvature flows for isoparametric submanifolds in 

SPHERES 

If M n C S n+k ~ 1 is an isoparametric submanifold in R n+fc , then M is 
also isoparametric in M n+fc . So basic structure theory for isoparametric 
submanifolds in Euclidean spaces also applies to M. For x G M, let H{x) 
and He(x) be the mean curvature vector fields of M at X clS cl submanifold 
of S n+k ~ 1 and M. n+k respectively. Then H(x) is the orthogonal projection 
of H E (x) to r a; S' n+fe - 1 . More precisely 

H(x) = He(x) + nx 

for all x E M. In particular, H is again a parallel normal vector field along 
M. The mean curvature flow of M as a submanifold of S n+k ~ 1 behaves 
similarly to its flow as a submanifold of IR n+fe . With slight modifications, 
most results for mean curvature flows for isoparametric submanifolds in the 
Euclidean spaces also hold for isoparametric submanifolds in spheres. We 
only need to explain how to deal with the arguments in the Euclidean case 
which can not be applied directly to the spherical case. 

Fix xq € M and let V = xq + v X0 M be the normal space of M as a 
submanifold of M. N at the point xq, W its Coxeter group, and C C V the 
Weyl chamber containing xq. The mean curvature flow of M in S n+k ^ 1 is 
uniquely determined by the flow of xo in S := C f] S k ~ 1 : 

= " E + (^) (6.1) 

The set S is a geodesic (k — l)-simplex on S k ~ l . Let x(t) sSbea solution 
to equation (|6.ip with initial condition xq. Then 

y{t) = VI - 2nt x {-^- log(l - 2nt)^j 

satisfies the Euclidean mean curvature flow equation (|4.ip with initial con- 
dition y(0) = xq. Let [0,Tj;) and [0,T y ) be the maximal intervals for the 
domains of x(t) and y(t) respectively. Then 

T x = -^log(l-2nT y ) 
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and 



lim y(t) = \J\ — 2nT y lim x(t). 

Note that by Theorems 13.21 and Corollary 13.91 T y < ^- and the equality 
holds if and only if the isoparametric submanifold Mq passing xo is minimal 
in the sphere S n+k ~ 1 . So by Theorem l3.5l if Mq is not minimal in the sphere, 
then x(t) converges to a focal submanifold at a finite time T x . This proves 
Theorem O 

If x\{t) G S and x 2 {t) £ S satisfy the spherical mean curvature flow 
equation (16. then 

^^H^i (*) ~~ x 2(i)|| 2 = {xi - x 2 , {H E (x\) +nxi) - (H E {x 2 ) + nx 2 )) 
= n\\xi - x 2 \\ 2 + {x 1 - x 2 ,H E (xi) - H E (x 2 )}. 
By ([331), (xi-x 2 ,H E (x 1 )-H E (x 2 )) > 0. Therefore 

— ^ 2 (*)|| 2 > 2n\\ Xl (t) - x 2 (t)\\ 2 . (6.2) 

We use (j6.2|) to give an estimate of the maximal interval [0, T) for the spher- 
ical mean curvature flow x(t). Let po be the unique point in S such that 
the isoparametric submanifold passing po is minimal in the sphere S n+k ~ 1 . 
Set xi(t) = x(t) and x 2 (t) = po in equation (|6.2p . Since x 2 {t) exists for all 
t > 0, we obtain 

IK*) - Poll > e n '||x(0) - poll 
for all t as long as x{t) £ S. Let D be the diameter of S, then D < 2 and 

1 D 

T<-log-— rr. 

n \\x{U) — poll 

Now we discuss the behavior of invariant polynomials under the spherical 
mean curvature flow. Let x(t) £ S be the mean curvature flow of xq. For 
any function fonV, let f(t) = f(x(t)). Then 

fit) = (Vf(x(t)),H(x(t))) = (Vf(x(t)),H E (x(t)))+n(Vf(x(t)),x(t)). 

If / is a homogenous polynomial of degree k which is invariant under the 
action of the Coxeter group W, then as in the proof of Theorem 13.51 

f(t) = -F(x(t))+nkf(t) (6.3) 

where F is defined by equation (|2.4p and it is an invariant polynomial of 
degree k — 2. If we have computed F(t) := F(x(t)), then we can solve f[t) 
from equation (|6.3p and obtain 

f(t) = -e knt j e- knt F(t) dt. (6.4) 

Note that there is no homogeneous invariant polynomial of degree 1. By 
induction on the degree, we obtain the following 
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Theorem 6.1. If x{t) satisfies the spherical mean curvature flow equation 
(|6.ip and f is a W -invariant polynomial, then f(t) = f(x(t)) = c\e knt + h(t) 
for some constant c\ and polynomial h. 

In particular f(t) is well defined for all t £ 1. In section [5J we have 
given explicit formulas for Fi for invariant homogeneous polynomials Pi 
for isoparametric submanifolds. We can use these formula and (|6.4p to 
construct explicit solutions to the spherical mean curvature flow equation 
for isoparametric submanifolds in spheres. 

Example 6.2. Phase portrait for rank 2 cases 

Let M n C S n+1 C M n+2 be an isoparametric hypersurface with g distinct 
principal curvatures. Then the Weyl group associated to M as a rank 2 
isoparametric submanifold in R n+2 is the dihedral group of 2g elements. 
Let C denote the Weyl chamber containing xq G M, and D the intersection 
of C and the normal circle at xq in S n+ . Let pi,p2 denote the end points 
of D. The arc D = pip~2 has length ir/g. For y £ C, let M y denote the 
submanifold through y that is parallel to M (a leaf of the isoparametric 
foliation). There exists a unique po G D such that M po is minimal in S n+ . 

(1) The spherical MCF (|6,ip has three orbits: a stationary point po, the 
orbit popi with one end tends to po and the other end tends to p%, 
and the orbit pop~2 with one end tends to po and the other end tends 
to P2- 

(2) The MCF (pH|) in R n+2 starting at M y degenerates homothetically 
to one point (the origin) if y = po, to M rp2 for some < r < 1 if 
y G P0P2, and to M rpi for some l<r<lifyG piPo- 

Example 6.3. Phase portrait for the A3 cases 

BLet M n C S n+2 be an isoparametric submanifold with Weyl group ^3 
and uniform multiplicity m, and xq G M. Let C denote the Weyl chamber 
containing xq, and D the intersection of C and the normal sphere at Xq. 
Then D is a geodesic triangle with vertices pi,P2,P3 and interior angles 
f , f, f . The phase spaces of spherical MCF (JfTQ) and Euclidean MCF (f3T2]) 
are D and C respectively. We describe the phase portraits: 

(1) There exists a unique po in the interior of D such that po is the fixed 
point of the ODE (|6.ip . This implies that the spherical MCF starting at the 
parallel submanifold M po is stationary and M po is minimal in S n+k ^ 1 . 

(2) For each 1 < i < 3, there is a unique flow ii that at one end ap- 
proaches po and at the other end approaches p{. This implies that for y G £i, 
the spherical MCF starting at M y collapses in finite time to the focal sub- 
manifold M Pi by collapsing fibers of the fibration M y — > M Pi . The fibers are 
isoparametric submanifolds with Weyl group A2 for i = 1, 2 and A\ x A\ for 
i = 3. In particular, when m = 2, M y is diffeomorphic to the manifold of 
flags in C 4 and collapsing is along complex flag manifolds of C 3 in M y for 
i = 1, 2 and S 2 x S 2 in M y for i = 3. 
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(3) For distinct i,j,k, let Dk denote the triangle with vertices Pi,Pj,Po 
and edges ti,£j, and geodesic segment pip~j in the sphere. The flow for (|6.ip 
starting at a point in the interior of exists for finite time and converges 
to a point on the interior oip^pj. This implies that for y 6 D®, the spherical 
MCF starting at M y converges in finite time to a focal submanifold M q with 
1 £ PiPj \ {PiiPj} by collapsing one family of curvature spheres. 

(4) The flow of (13. 2p on G starting at po is the straight line joining the 
origin to po, the flow starting from a point in D® converges to a point on 
the wall containing Pi,pj (i,j,k distinct), and the flow starting at a point 
on l{ converges to a point on the line segment Opi. This implies that the 
Euclidean MCF with initial data M y 

(i) shrinks homothetically to the origin if y = po, 

(ii) converges to a focal submanifold M q for some q lies in the open cone 
spanned by p~iPj and the collapsing is along a curvature m-sphere if 

.</' 't _ 

(iii) converges to a focal submanifold M q with q £ Opi for y £ li, more- 
over, the collapsing is along fibers of the fibration M y — > M q and the 
fibers are isoparametric submanifolds with Weyl group A2,A2, and 
A\ x A\ respectively for i = 1, 2, 3. 



7. Mean curvature flow for polar action orbits 

Let G act on a Riemannian manifold N isometrically, and G ■ p be a 
principal orbit through p. IfvE v(G-p) p , then v(g-p) = dg p {v) is a globally 
defined normal vector field on G-p and is called a G-equivariant normal field. 
An isometric action of a compact Lie group G on a Riemannian manifold 
N is called polar if there is a totally geodesic submanifold X that meets all 
G-orbits and meets orthogonally. Such £ is called a section. We list some 
properties of polar actions (cf. [PT] ) : 

(1) The action G is polar if and only if every G-equivariant normal field 
is parallel with respect to the induced normal connection onG-pas 
a submanifold of N. 

(2) Let AT(E) = {g £ G | g-E = £} and Z(E) = {g£G\g-x = x\/x£ 
£} denote the normalizer and centralizer of £ respectively. Then 
the quotient group W(S) = N(T I )/Z(T I ) is a finite group acting on 
S, and is called the generalized Weyl group associated to the polar 
action. 

(3) The orbit space Ti/W is isomorphic to N/G and the ring of smooth 
G-invariant functions on iV is isomorphic to the ring of TV-invariant 
functions on £ under the restriction map. 

(4) If po £ £ is a singular point, i.e., G ■ po is a singular orbit, then the 
slice representation of G po on the normal space of the orbit at po is 
a polar representation. 
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Theorem 7.1. Suppose the isometric action G on N is polar, and £ is a 
section. Then 

(i) ifx£Ti, then the mean curvature vector ^(x) ofG-x at x is tangent 
to X at x, 

(ii) if x'{t) = £(x(i)) with x(t) regular (i.e., G-x{t) is a principal orbit), 
then G ■ x{t) satisfies the MCF in N , in other words, the MCF in 
N with a principal G- orbit as initial data flows among principal G- 
orbits. 

For general polar action, W need not be a Coxeter group and the orbit 
space of the VF-action on the section can be complicated. In fact, given 
any finite group W and any compact VF-manifold, there exist a Riemannian 
manifold N, a compact group G, and an isometric polar G-action on N 
such that the induced action on the section is the given VF-action (cf. [PT] ) . 
Hence the behavior of the MCF for general polar actions is not as clear as 
in the sphere and Euclidean case. 

A polar action on a symmetric space is hyperpolar if the sections are 
flat. In this case the fundamental domain of the VF-action on a section is 
a geodesic simplex. A submanifold in a symmetric space is called equifocal 
if its normal bundle is flat, exponential of each normal space is a flat, and 
the focal radii along a parallel normal field are constant. It was proved in 
[TT| that principal orbits of a hyperpolar action on symmetric space are 
equifocal, and parallel foliation of an equifocal submanifold is an orbit-like 
foliation. Moreover, generators of the ring of smooth functions that are 
constant along parallel leaves were constructed in [HLOj. Hence we believe 
that methods developed in this paper can be used to solve the MCF starting 
with an equifocal submanifold in symmetric spaces. 

References 

[FKM] D. Ferus, H. Karcher, and H.F. Miinzner, Cliff ordalgebren und neue 

isoparametrische hyperflachen, Math. Z. 177 (1981), 479-502. 
[GH] M.E. Gage and R.S. Hamilton, The heat equation shrinking convex plane curves, J. 

Differential Geometry 23 (1986), 69-96. 
[GB] L.C. Grove and C.T. Benson, Finite reflection groups, second edition, GTM 99, 

Springer- Verlag, 1985. 

[HLO] E. Heintze, X. Liu, C. Olmos, Isoparametric submanifolds and a Chevalley-type 

restriction theorem, Integrable systems, geometry, and topology, AMS/IP Stud. Adv. 

Math., 36 (2006), 151-190. 
[HOT] E. Heintze, C. Olmos, and G. Thorbergsson, Submanifolds with constant principal 

curvatures and normal holonomy group, Int. J. Math. 2 (1991), 167-175. 
[Hu] G. Huisken, Contracting convex hypersurfaces in Riemannian manifolds by their 

mean curvature, Invent. Math. 84 (1986), 463-480. 
[PT] R.S. Palais, C.-L. Terng, A general theory of canonical forms, Transaction, Amer. 

Math. Soc. 300 (1987) 771-789. 
[PTb] R.S. Palais, C.-L. Terng, Critical Point Theory and Submanifold Geometry, Lecture 

Notes in Math., vol. 1353 (1988), Springer- Verlag 
[T] C.-L. Terng, Isoparametric submanifolds and their Coxeter groups, J. Differential 

Geometry, 21 (1985), 79-107. 



MEAN CURVATURE FLOW 



25 



[TT] C.-L. Terng, G. Thorbergsson, Submanifold Geomtry in Symmetric spaces, J. Dif- 
ferential Geometry, 42 (1995) 665-718. 

[Th] G. Thorbergsson, Isoparametric foliations and their buildings, Ann. of Math., 133 
91991), 429-446. 

[V] V.S. Varadarajan, Lie groups, Lie algebras, and their representations, GTM 102, 
Springer- Verlag, 1984. 

[W] M.-T. Wang, Mean curvature flow in higher codimension, to appear in the Proceed- 
ings of International Congress of Chinese Mathematicians 2001, [rnath.D G/0204054 

[Z] X.-P. Zhu, Lectures on mean curvature flows, Studies in Advanced Math., AMS/IP, 
2002. 

Department of Mathematics, University of Notre Dame, Notre Dame, IN 
46566 

E-mail address: xliu3@nd.edu 

Department of Mathematics, University of California at Irvine, Irvine, CA 
92697-3875 

E-mail address: cterngOmath . uci . edu 



